
 

LATTICE FIELD THEORY

I think everyone attending this lecture knows that

perturbation theory doesn't work in all situations I want

to present lattice field theory LFS as a non perturbative

approach to QFT using regularized Euclidean functional
integrals which is what Montuay Munster do My
goals are

1 To help you see at leastheuristically why lattice

calculations work
2 To show you the generic steps for carrying out

a lattice calculation

31 Along the way hopefully show you enough

jargon that you can better follow CRC talks
showcasing lattice results

I assume you already took a QFT course To get
Through mygoals in an hour specialize to pure SUCN
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EUCLIDEAN QFT

Lattice field theories IFT work in a Euclidean

spacetime This is achieved through the Wick rotation

t it Xo ix 1

where I is the Euclidean or imaginary time We

see that the separation between events becomes

ds t x ̅ x ̅ 2

whith is why we call it Euclidean With a Euclidean metric

there is no distinction between covariant and contravariant

indises so we will write e g XuXu fur fur etc
You can view the Wickrotation as an analytic continuation

of correlation functions from real time to imaginary time

It shouldn't be surprising that in some cases the Minkowskian

correlators can be reconstructed from the Euclidean ones

Osterwalder Schrader Wightman Streater

What does doingthe Wick rotation buy us Well the action

becomes
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Where Se is the Euclidean action Hence our path integral

becomes

In dance e In dancx e 4

Highly oscillatory integral In Euclidean space
S purereal le's 1 now exponentially damped
so intequal doesn't converge

absolutely someobservable

with e
SEA 0 we see connection withstatistical physics
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A final nicething It turns out that

4 4 101 I colxinsaixlose.tt 7

in Euclideantime which means we canextract e g particle

masses through fitting the RHS
So we see it's nice to do a Wick rotation

to tame path integrals
to exploit connections to statistical physics
to getaccess to particle masses



A note Working in a Euclidean doesmake other kinds

of observables more challenging we lose easy allessto real

time observables like transport coefficients and spectral functions

There are some workarounds but it'stricky

LATTICE REGULARIZATION

Take a region of spacetime and discretize it

a ais

Youdon't have to use
thissetup but it's a lattice spacing
most common

Nt Ny Euclidean time extension

No N Nz Nz spatialextension

The lattice is
1 In aim

oenmann 18
with Nut IN nut I ME 1,2 3,43 Unless youbelieve



we live in a simulation if you do please see me after

the lecture I'm looking for a plug the lattice is a

mere calculational crutch that distorts physics a bit
Our hope is that the real Euclidean world will be
recovered in the continuum limit

a 0

Okay so what kinds of things got distorted
Poincare symmetry breaks a little In particular 014 breaks

to hypercube symmetries Wecan keep translational
symmetries with periodicboundary conditions PB s

X aNuit X 9

µ

Forthis reason often call thelattice a torus

Derivatives replacedby finite differences e g

Imf s fxl 10

Backward

Actually we have some freedom howto discretizethings
like derivatives We could have instead defined



Imf sit
n xaml y

central
which to pick You can show by Taylor expansion

balance programming DuBf Jmf 0 a a

computational complexity

against smaller lattice Duff but 0 a 13

artifacts
in

This is suggestive of working
Wim shatil

a Then

Ari is a better approximation to dm than BP and
in practice An is what's used Finding discretizations

that better suppress lattice artifacts is called improvement
Thinking ahead for a moment dynamical actions have
derivatives in them so we in general have a choice

how to discretize the action
Integrals replaced with sums

Jd x a I
UVand IR regulators automatic In particular It is in
some sense blind to physics on length scales smaller

than a and larger than an
Let's understand a bit better Wetook PBCs to

get translational symmetry These PBCs helpalso to



milden systematic error due to loss of IR physics

a

without PBC getphysical withPBC nowalls
distortions being up against to be seen
a hard wall

so in general we like PBCs Butthey discretize the

momenta Can be seen through Fourier transforms

f x f x tan Sap tiple dpfeple
9N

forsimplicity
focus on one

PX
e
ip tan

dimension

ipan 2tin ne

p 2ft 14

whith tells us momentum space integrals should also be

discretized Moreover introducing a latticespacing
directly regulates momenta For

flpt at e e f x
x an ne
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f x

f p 151

Thisshows us functions are periodic in momentumspace
sowe can restrict momenta Wh06 to first Brillouin zone

Pm 16

What we have achieved is a non perturbative regularization

to be contrasted with eg Pauli Villars or dimensional

regularization which rely on perturbation theory
Systematic effects due to a UV are expected to be
removed in continuum limit Effects dueto the finite
box size expected to die out in thermodynamic limit

Leo

BUILDING BLOCKS OF LATTICE GAUGE THEORY

The discussion of the lastsection was quite generic but
how we want to introduce some gauge fields Wewant L to

be invariant under local gauge transformations

Unix N x Un x N tail AESUNe 17



Asyou know local gauge invariance requiresthe introduction of
covariant derivatives in otherwords takingderivatives by
comparing two points x andy requires you to parallel transport
eg your field at y to x The parallel transporter along
the curve Cyx can be reconstructed in the continuum from

the gaugefield Amusing Dyson's formula

UCCxy Pexp Sox Andx 18

This can be viewed as a motivation for the shortest
parallel transporter on the lattice

Uncx e
Am 5

yeah
119

the link variable or simply link Forthis reason you
sometimes hear people say thegluons live on the links

If we follow a path then reverse our steps we should

end up back where we started

Unextail Uncx 11 20

Since VIXUnix 11 we see

Utn x Uu tail 2

Forpure SUNc the Un are the only object we have



for constructing observables Elitzur's theorem tells us

observables have to be gauge invariant A large class

of gauge invariant observables are the Wilson loops

Wau
p
x tr Un X Up tail Up x ap 22

i e the productof links around a closed

path In particular from eq 18 we see

that under a local gauge transformation 1
whyP p

Wav p x tr RX Un X p xtai nextailUp tail

a Up x ap n x

andthe final 1 X cancels from cyclicity of the trace

The smallest Wilson loop is the plaquette

toUni x trUnix Uuextant Unt xtai UT x 23

When one wants to probe some physicalIFIIa observable one needs to use lattice objects

to build an object that has the same
quantum numbers as a physical observable That composite
object is called an interpolator Looking at the indices

ofthe plaquette you may guess it interpolates fur And

you would be right in the sense that



Un exp a fur ocas 24

which canbeshown either by expanding the exponentials

or using the Campbell Baker Hausdorff formula

exp ex expEY exp EX EY EX Y 0 E3 25

Either way you exploit

Anktai An x advAmex Oca 26

Theentire lattice formalism is dueto Wilson and in this

paper he proposes a discretization of the gauge action

commonly called the Wilson action

Sw βEau 1 Retr Ump 27

If one keeps higher order terms in 124 one finds

Sw βEau 1 Retr Ump

Ictr Uni Unit

tr 211 Fmi 0196

Fav Faut a terms cancel



otherterms atfat cancel forodd p since

Fut antisymmetric under mau and all Msu

combinations are summed over

Instr211 1 cancelling leading 1

a I toFmi Olab

In a trFmv x Fmv x 0 ab 28

Eesto 0cal lattice artifact

d x trfurcx forex relative to gaugeaction

In other words we see Sw discretizes the Yang Mills

action if we identify

coupling constant BE
2

29

A louplenotes are in order The β symbol is chosen here
in analogy to kept in statistical physics g is the bare

coupling Again we haven't done any perturbative renormalization

Owing to the lattice regularization wewill find goal
Now that we have an action we can compute expectation

values

x tz Indunex
ésw Xcu 30



Imagine fixing Unlx x m Wecall that a configuration
whichis a possible realization of the field U FCU here
then just means f is a functional of the configuration
We traded Am for Un in the measure Un is more

convenient notationally

The integral isseen to run over all possible configurations
weighted by a Boltzmann factor
The measure Haarmeasure

DV In duct 131

is finite dimensional at aso This really is a well

defined integral

In practice you can'tjust use 30 directly Consider

a NfxNo 2 lattice Assmall aspossible the

dimension of the integral is
2 x 4 N 1 512

sites directions Haar for 5013

If I support each integral with only 2 points
my computation has

2512 1.3 10154 terms



You only get 6 10 cycles second on the best

CPUs so weneed to find some trick

I've been hinting at using LFT to put a QFT on a computer

but that's not the only use In fact Wilson uses

this framework to do a purely analyticallulation He argues
in the strong coupling limit i e for β 1 that the
static quark antiquark potential should assume the form

Cornell
32

potential Vqq r At tor

ie he derives the or term in thestrong coupling limit

Which proffers an explanation for confinement A very
readable derivation is in Gattringer Lang

THE CONTINUUM LIMIT

In a o limit physical quantities should agree with

experiment whithmeans X should belome independent of
a forgetting about the lattice Looking at eg 28

Thetwo parameters at our disposal are a andg so

11 Xla g 4ᵗʰ 33

In order for 33 to work changes in a must be



compensated by changes in g Thus glad Onecan

playthe same game as when determining how a coupling

changes withthe cutoff for QCD in the continuum namely

we formulate 33 as

Tga stiga 0 134

with β function
nottobe confused

β ffawith β 2 35

One can eventake over

β g bog big 0197 36

from perturbation theory as bo and b donot depend on

the regularization scheme Thus we have the standard

result that 35 issolved attwo loop order by

ar exp 2 2 bog
12b

37

or

1

Tap bolog a 1 ftloglog ant 0 t.gl 1381

Yourecall that b NaNf and b NaNf for 5013 as

long as you have fewer than 17ish quark flavors we see



aso drives geo and vice versa Thus the continuum
limit ian be archived by

β
2 0 39

which for pure SUNa is theonly input parameter
Now we see an issue We can't take aso with NoXNT

fixed The box would evaporate Thus one should try
to keep the physical volume

a NENT 40

approximately fixed which translates to increasing No and
No i e the number of sites Thus one can intuitively
think about a o in this manner as increasing the resolution
ofyour configurations
In practice aso is carried outusing continuum limit

extrapolations Say we found a way to do the integral
in 30 Then we would get at a particular spacing

Xca

The idea is to repeat this process for many spacings
yielding schematically



4 7

t

we want to fit those data to estimate Col What

should the fit form be We just argued

Sw a Syn Old 41

with 1 2 A different improved discretization of Sym

would deliver ps2 Interpolators are also subject to

these corrections Lets say

a Xphy 0199 42

plugging 141 and 42 into 130 yields

2 101 Iz DU Esw you

e
54m 01

phys 049

e
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Thus it we are in a situation where p q we can

do a linear fit in at

Xcal phys map 44

4 7
p 2 with
Wilsonaction

KEII
It is a bit delicate picking the fit form e.g should I

include higher order terms and where to start the

fit is my lattice too coarse given the number of terms

inthe fit Safest approach is to do model weighting
Onelastnote aboutthe continuum limit Earlier wewrote

4 4 101 I colxinsaxlose.tt
in Euclidean spacetime Thistells us that for a given Euclidean

time separation t the two point function dies off like

X t X O etto 45

This to is related in the usual wayto a length



461

This correlation length controls the rateof exponential decay

and is not dependent on a it comes from the Hamiltonian

inthe continuum theory In the continuum limit

or 47

i e the lorrelation length effectively diverges Adivergent
correlation length is a hallmark of a 2ndorder phase
transition so in that sense the continuum limit corresponds
to a 2ndorder transition

FINITE TEMPERATURE

Wehave discussed quite a bit now the factor

2 Due 48

and how it's involved in Boltzmann factors This pathintegral can

be constructed in the usual way with a starting point in one
dimension forgeneric field 6 q t o

IDinittoheuristicallyremind
ourselveshowit worked

2 tre du Leo e 14 49



Onebreaks up the dimension andexponential into discrete steps

inserting den tenscent betweenthem to arrive at

2 free 50

Inthat context now going back to 4D we had

St at fax L 51

Whatif we were instead looking at a static 3D system in
thermal equilibrium at temperature T Statistical physics tells
us the partition function is

Z tré 52

Formally we coulddothe same steps to construct the path

integral with this partition function It would look the same

as 48 only now we wouldhave

Se f at d x L 53

Thus the whole 4D and 3D at finite T theories are

the same with the correspondence

β ant T auto 54

So a lattice simulation can always be interpreted as a



3D simulation at finite T This is exactly what lattice

practitioners do when doing phase diagram calculations

Note that at fixed T 54 tells us that Nero
drives at 0 Thus for phase diagram calculations it's

tommon to see No represent the lattice spacing with smaller

Nt corresponding to coarser lattices and larger Nt tofiner
Wesee conversely that at fixed a No o drives Too

Forthis reason Zero temperature calculations are tarriedout

with Nt No so T is negligible
While we're on the subject since lan be interpreted

as the partition function of a 3D statistical physics system

we can use standard thermodynamic relations Forexample

in the grand canonical ensemble we can get in principlethe
pressure

55
p p logZ

and derive otherthermodynamic observables from there

Thetricky part is the chemical potential The chemical potential
couples to 84 80 in Minkowski The Wick rotation doesn't

get rid of the I in this part of the action rendering the

Boltzmann factor complex That is the sign problem and

it prevents direct simulations at MER
One workaround is to simulate at pure imaginary M



like the Wick rotation and try to analytically continue
bank to MER A highly successful trick expands P in
M T M defined atm o

so avoidsthe

past IM ily Iifkigisiaromem
SCALE SETTING

As we saw go 0 formally sends a 0 If we want to

put the lattice on a computer nothing we have done so
far really tells us howto get anything in physiial units
Scale setting is the process of attaching physical units

Roughly it goes likeThis Suppose I have some observable

I am interested in I choose another observable Y
where I know its real world value Yphys say from

experiment Y is called the reference scale We assume X

and Y have units of MeV From our discussion about the

lontinuum limit it should be that

II him R 56

We determine R from our iontinuum limit extrapolation

and obtain



Phys Ryph 57

This alsogives us a way to estimate a in physical
units Everything directly coming out of the tomputer
is unitless so I should be able to write something like

Ycal a Yphys O ane 58

Thus a first estimate for a could be

a 1T 59

In practice scale setting is a bit delicate A good
choile for 4ᵗʰ depends on e g

the theory being considered i.e does it make
sense to use Yphys Me from experiment for
an Nf 5 5 degenerate quarks theory
how noisy the interpolator Y is

how badly distorted is Y by e g finitebox size

HOW TO GET X USING COMPUTERS

At this point I think I have discussed the
necessary ingredients of a lattice calculation except



one We already mentioned that computing

x tz RU Esw you 60

directly is not really tractable What to do

The crucial point is that 60 shows us configurations

U are distributed according to

prlul tzpue.sn 61

Configuration U with crazy Sw V are exponentially

suppressed and hence are negligible Thus we can get
X to a good approximation by drawing N configurations
according to 161 estimating

x ̅ I X X 6

The estimator x ̅ should approach X as Ngos and

for finite N assuming the Xi are drawn independently

the central limit theorem guarantees

of Ii Xi x ̅ 63

OK how do we draw the configurations Well a

configuration will be saved in the computer as a large

array



U U x Uextais V2 x 02 etat 61

Eash SUNil matrix Unix is represented as a matrixwith

Nc complex elements i.e with 2Nc real numbers Being

Thoughtful about the order in which you store the Un x

in the avray U generally helps the code access elements
of U more quickly The most common technique to
draw configurations is to use a Markov chain

0 o't 0 65

Here U is generated by deforming U in some way
It can also be U 0ᵗʰ trivial Here venus

2The generation lan be decomposed into two steps
i A trial ionfiguration U is proposed with probability

TCU IV

ill the trial is accepted with likelihood Metropolisstep

Alo v mine 744 6

Wayge
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jdifference which we see is the ratio of Boltzmann factors



To transition from U to U we needto propose U

then accept it Thus

pr usu TCUIV A USU

Pr U u canbe viewed as the U U element of a
transition matrix It turns out thatif yourtransitionmatrix
which depends on the algorithm doesn't have to be Metropolis

satisfies

ergodicity Every ionfiguration is accessible from

every other configuration in finitely many steps

normalization The transition probabilities are
normalized appropriately

In preusu 1 67

balance The probability of jumping into a configuration

equals the probability to jump out of it

u privev prcu o pro u pro 60

then the Markov process is guaranteed to bring the ensemble

to pr U In particular by plugging 67 into 68 we

see that

u privev pro pr U I pro u

pr U 69



i e pr is a fixed point If you usethe Metropolis algorithm
theensemble converges to pr u Z e

503 i e Boltzmann

Intuitively you can believe theMetropolis step brings us
to Boltzmann We always move when the configuration is

more probable in Boltzmann sense and if it's less probable

the alceptance probability is still dictated by the ratio of
Boltzmann factors More rigorously you can show that

66 satisfies balance actually an even strongercondition

called detailed balance
In principle one can choose the trial uniformlyat

random but owing to Metropolis the acceptance will be

poor which means ittakes longer to get representative

samples As long as you use the Metropolis prescription

66 you havesome freedom in how you generate the
trial It's efficient to suggest configurations thathave
reasonable probabilities to begin with which is called

importance sampling

A final note since U is generated based on

U'ml 0th and U'n t are in general correlated

This can be dealt with in many ways but theeasiest
is to find an MEN large enough suth that U
and Untml are effectively uncorrelated keeping



only every mth measurement Oneway to judge whatm
should be is to estimate the integrated autocorrelation

time but I don't have time to getinto that

SUMMARY

Euclidean spacetime useful for getting particle masses
Also improves path integral ionvergence

Lattice regulates integral rendering it well defined

Strong lonnections with statistiial physics
Lattice lets us use computers to compute path
integrals efficiently through Markov chains

To do a lattice calculation at finite T

veryroughly
1 Get your software
2 Pick T Nt fixes a since T att
3 Generate Markov chain of configurations
4 Estimate xa̅ Kcal by measuring X

on the configurations
5 Repeat 384 for a larger Nt
6 Fit Kal and extrapolate a o



There was a lot I couldn't cover See Gattringer Lang

and Montvay Minster for a more tomplete introduction

I also keep a Github where I keep detailed notes

about topics in lattice QCD

THANKS FOR READING
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